We study the influence of a strong laser field on the Bethe-Heitler photoproduction process by a relativistic nucleus. The laser field propagates in the same direction as the incoming highenergy photon and it is taken into account exactly in the calculations. Two cases are considered in detail. In the first case, the energy of the incoming photon in the nucleus rest frame is much larger than the electron's rest energy. The presence of the laser field may significantly suppress the photoproduction rate at soon available values of laser parameters. In the second case, the energy of the incoming photon in the rest frame of the nucleus is less than and close to the electronpositron pair production threshold. The presence of the laser field allows for the pair production process and the obtained electron-positron rate is much larger than in the presence of only the laser and the nuclear field. In both cases we have observed a strong dependence of the rate on the mutual polarization of the laser field and of the high-energy photon and the most favorable configuration is with laser field and high-energy photon linearly polarized in the same direction.
I. INTRODUCTION
A high-energy photon propagating in the Coulomb field of a nucleus may produce an electron-positron pair, provided the energy ω * 1 of the photon in the rest frame of the nucleus exceeds the threshold 2m, with m being the electron mass (units with = c = 1 are used).
This process is commonly referred to as the Bethe-Heitler process [1] . The well-known formula for the total cross section, valid for high energies ω * 1 ≫ m reads
where Z is the nuclear charge number and α is the fine-structure constant. Equation (1) was obtained in the Born approximation with respect to the Coulomb field. In the case of a strong nuclear field where the parameter Zα is of the order of unity, high-order terms in
Zα should be taken into account. In some cases the inclusion of high-order terms in Zα essentially modifies the value of the cross section as compared to the Born result. This was convincingly demonstrated in the case of photon scattering by a Coulomb field, the so-called Delbrück scattering [2, 3] , and for Coulomb field-induced photon splitting [4, 5] . The cross section of the Bethe-Heitler process exact in Zα has also been extensively studied [6] [7] [8] [9] , as well as the process of e + -e − production in heavy ion-collisions [10, 11] .
Strong electromagnetic fields are also produced in the laboratory by powerful lasers. In this case the parameter that characterizes the strength of the field is ξ = eE/mω 0 where e is the absolute value of the electron charge, E is the peak electric field of the laser, and ω 0 is the laser frequency. Already at laser intensities of the order of 10 18 W/cm 2 (at ω 0 ≈ 1 eV) the parameter ξ becomes of the order of unity, and the interaction with the laser field cannot be treated perturbatively. A large value of ξ is in general not sufficient to have noticeable nonlinear quantum electrodynamic (QED) effects in a laser field. It is also necessary that E is comparable with the so-called critical field of QED E cr = m 2 /e, corresponding to a laser intensity of I cr = 2.3 × 10 29 W/cm 2 . Nonlinear QED effects in strong laser fields have been theoretically studied in numerous processes such as e + -e − pair creation in photon-laser collisions [12, 13] , lepton production in laser-nucleus collisions [14] [15] [16] [17] [18] also in the presence of an additional incoming photon [19] and in counterpropagating laser pulses [20] [21] [22] , in particular ultrashort [23] . Other interesting processes are laser photon merging [24] , highenergy photon splitting [25] , and the related laser-Coulomb Delbrück scattering [26] . For further references to nonlinear QED effects in laser fields, see the reviews [27] [28] [29] . To date, the only direct experimental verification of e + -e − pair creation by laser photons is reported in [30, 31] . Electron-positron pair production by high-energy photons, radiated by laseraccelerated fast electrons, when colliding with a nucleus has been observed several times [32, 33] , most recently in [34] .
In the present paper, we investigate the effects of a strong laser field on the Bethe-Heitler process with the incoming photon and the laser field propagating in the same direction. We consider two cases. In the first one the energy ω * 1 in the rest frame of the Coulomb center is much larger than m and the frequency of the laser field ω * 0 in the same frame is much smaller than m. In this case, the photon with energy ω 1 (in the laboratory frame) alone can create an electron-positron pair. Also, electron-positron pairs can be produced in the superposition of laser and Coulomb fields even if the laser frequency ω 0 (in the laboratory frame) is much smaller than m (see for example [35] ). However, the kinematics of this process is different of that of electron-positron production by a high-energy photon. Therefore, it is possible to distinguish experimentally the two processes. In the second case we consider photon energies below but close to the threshold:
(E * indicates the amplitude of the laser field in the rest frame of the nucleus) [36] . This case is interesting because the high-energy photon alone cannot produce a pair and the probability of pair creation in combined Coulomb and laser fields is very small. However, we show that the probability of photoproduction in the presence of a laser field is much larger than the probability in the case of laser and Coulomb fields (the model process of electron positron pair creation in the superposition of a strong, low-frequency electric field and a weak, high-frequency electric field has been recently investigated in [37] ). In both high-energy and near-to-the-threshold cases we study the effect of the mutual polarization of the photon and of the laser field and it turns out that this effect is also important. It will be seen that the Lorentz-invariant parameter that characterizes the magnitude of the effect of the laser field is χ = ξω 0 /ω 1 = (E/E cr )(m/ω 1 ). Nowadays, for the strongest available laser we have E/E cr = 3 × 10 −4 [38] . Therefore, for ω 1 ≫ m the parameter χ will be too small and the effect negligible. However, it is possible to change the situation by using a relativistic nucleus with Lorentz factor γ moving in the opposite direction of the photon momentum. Then, the frequency of the photon and of the laser field in the rest frame of the nucleus will be ω * 0,1 = 2γω 0,1 . Therefore, for large γ it can be that ω * 1 ≫ m even if ω 1 ≪ m and it is possible to obtain values of χ of the order of unity even for subcritical electric fields in the laboratory frame. As a result, in the rest frame of the nucleus the electric field amplitude of the laser field will be larger than E cr . Thus, such scheme of experiment allows one to investigate nonlinear QED effects in overcritical electromagnetic fields.
The paper is organized as follows. In Section II we derive the general expression of the total pair production rate for a plane wave of arbitrary spectral content and polarization.
The case of a bichromatic field, consisting of a strong, low-frequency wave and a weak, high-frequency field is considered in Section III in the case ω * 1 ≫ m. The other case with 0 < 2m − ω * 1 ≪ m is investigated in Section IV. Finally, in Section V the main conclusions of the paper are presented.
II. GENERAL EXPRESSION OF THE TOTAL ELECTRON-POSITRON PHO-TOPRODUCTION RATE
In this paper we calculate the total electron-positron pair production rateẆ in the Born approximation with respect to the Coulomb field by using the dispersion relation, which allows one to expressẆ via the imaginary part of the polarization operator Π µν of a virtual photon in a laser field (the polarization operator approach was suggested and employed for the case of a monochromatic plane wave in [15] ):
We also use the expression of the polarization operator obtained in [39] by means of the operator technique (the polarization operator in another form was obtained independently in [40] ). In the general case the incoming electromagnetic field is described by a plane wave with vector potential A(φ) = a 1 ψ 1 (φ) + a 2 ψ 2 (φ), where ψ i (φ) with i = 1, 2 are two arbitrary functions of φ = t − z (the plane wave is assumed to propagate in the positive z direction), and a i are the two polarization vectors such that a i · a j = 0 if i = j and a i ·ẑ = 0. By employing the expression of Π 00 from [39] , we arrive aṫ
where the integration T 0 dφ/T corresponds to the average of the expression over φ, Q = |q|/2m and x = q ·ẑ/|q|. Also, the following quantities have been introduced:
with ν = Qx(1 − v 2 )τ /2m. Eq. (3) is the starting point of our considerations.
III. HIGH-ENERGY PHOTOPRODUCTION
It is convenient to consider the process in the rest frame of the nucleus. For the sake of simplicity of notation we omit the sign * for all physical quantities in this frame. Let the plane electromagnetic field consist of a strong, monochromatic, low-frequency (ω 0 ≪ m), field with adimensional vector potential components ξ 1,2 = eE 1,2 /mω 0 and a weak, monochromatic, high-frequency (ω 1 ≫ m) field with adimensional vector potential components
Here E 1,2 and E 1,2 are the electric field components of the strong and the weak field, respectively. Note that the strong and the weak fields propagate along the same direction. We assume that w 1,2 ≪ 1 which is reasonable for any available sources of high-energy photons. Let us represent the total rateẆ as the sumẆ 0 +Ẇ 1 , whereẆ 0 is independent of the parameters of the weak, high-frequency field and the expansion ofẆ 1 with respect to w 1,2 starts with quadratic terms. The leading contribution to the rateẆ 1 comes from the region of integration Qx ≪ 1, which corresponds to small longitudinal momentum transfer in comparison with the electron mass and in this limit the term proportional to Q 2 in the pre-exponent of Eq. (3) is negligible. The integrals over Q, x and v can be taken by using the condition a = 2m/ω 1 ≪ 1 and the result with logarithmic accuracy iṡ
where C = 0.577... is the Euler constant, Z = 1 + β and where the variable ρ = ω 1 ν = Qx(1−v 2 )τ /a has been introduced. In this equation it is assumed that the terms independent of w 1,2 , which correspond to pair production only in combined laser and Coulomb fields, are subtracted. It is worth observing that the above relatively compact expression holds for arbitrary polarization and spectral content of the low-frequency strong laser field.
By expanding the total rateẆ 1 for small w 1,2 up to quadratic terms and by taking into account exactly the strong laser field, we obtain for monochromatic strong and weak fieldṡ
where
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In these expressions we have introduced the following notation:
We note that the functions F 2 and F 3 depend on the mutual polarization of the weak and the strong field. Also, the coefficients of the logarithms in the above result in Eq. (6) can in principle be obtained by applying the Weizsacker-Williams' method of virtual photons [41] .
However, the constant terms present in Eq. (6) 2 )/2 ≫ 1. Presently available strong lasers have photon energies of the order of 1 eV and deliver intensities of the order of 10 22 W/cm 2 , which correspond to values of ξ of the order of 100 [38] . If b ≪ 1 and ξ ≫ 1 such that bξ is fixed (which corresponds to the quasiclassical limit), the total rateẆ 1 depends on the strong field only through the two gauge-and Lorentz-invariant parameters
where we have used the following notation:
The parameters µ s and µ w describe the ellipticities of the strong and of the weak field, respectively. Note thatẆ 1 depends linearly on the polarization of the high-energy photon through the function g while the dependence ofẆ 1 on µ s is complicated.
Let us discuss why at ξ ≫ 1 the correction to the Bethe-Heitler process depends on the parameter χ and not on ξ itself. At ξ ≫ 1 the effect of the laser field on a charged particle can be treated in the quasiclassical approximation. Then, the function ∆(y) for the strong field in Eq. (4) , that is always present in the expression ofẆ 1 (see for example Eq. 
the phase shift of the strong field is much smaller than unity, we can expand the function ∆(y) for the strong laser field on this parameter and obtain that |∆(y)| ∝ χ. Another intuitive way to understand why the parameter χ controls the influence of the laser field on the process at hand is that χ is the ratio between the energy ∆E L transferred by the laser to the pair in the process, i. e. ∆E L ∼ eE/m and the energy E γ that the electron-positron pair would have without laser field, i. e. E γ ∼ ω 1 . Finally, one can also interpret the parameter χ as the transverse momentum transfer by the laser field in one wavelength of the weak field in units of the electron mass.
A. Asymptotics of the rate and numerical results
The rateẆ 1 in the quasiclassical limit given by Eq. (6) with the substitutions in Eq.
(10) at small χ has the formẆ 1 =Ẇ BH + δẆ 1 wherė
(Zα) (12) corresponds to the pure Bethe-Heitler process for ω 1 ≫ m and the leading correction δẆ 1 is given by
The cross section in Eq. (1) is obtained by dividingẆ BH by the incoming photon flux
Note that the expression of the above correction which is negative, is valid if the argument of the logarithm (∼ χω 1 /m) is much larger than unity which is equivalent to E/E cr ≫ 1. In contrast to the Bethe-Heitler rate which is independent of both µ s and µ w , the correction δẆ 1 depends on the polarization of the strong laser field.
In the opposite limit χ ≫ 1 of strong fields the asymptotic ofẆ 1 reads:
where the functions f and g are defined in Eq. . In all cases we observe a suppression of the pair-production rate due to the effect of the laser field. This suppression induced by the laser field is typical also for other external electromagnetic field configurations like, for instance, a constant magnetic field [42, 43] (note that in the limit ξ ≫ 1 and for undercritical magnetic fields similar effects in the two cases are expected from general considerations [44] ). In fact, at very high energies of the incoming photon (ω 1 ≫ m) the formation region (coherence length) of the process becomes relatively large: in our problem it is of the order of ω 1 /m 2 ≫ λ c along the propagation direction of the incoming photon. The presence of the external field perturbs the system by deviating the electron and the positron along the transverse direction, effectively reducing the formation region and then the total rate of the process. We note that our process is connected by crossing symmetry to the bremsstrahlung process in a laser field. An analogous suppression in the cross section has been predicted in bremsstrahlung in the presence of a magnetic field [42, 43] .
It is interesting that the amount of suppression depends on the mutual polarization of the strong laser field and of the high-energy photon. The largest suppression is observed in the case in which the strong laser field and the high-energy photon are both linearly polarized along the same direction. Also, it can be seen from the general expression Eq. (6) (see also Eq. (10)) that if the strong laser field is circularly polarized, then the rateẆ 1 is independent of the high-energy photon polarization. Finally, we observe that already at small values of the parameter χ we have a relatively strong suppression of the pair-production rate (about 10 % at χ = 0.2).
In order to emphasize the role of the mutual polarization of the strong laser field and of the high-energy photon we present in Fig. 2 and in Fig. 3 the ratioẆ 1 /Ẇ BH as a function of µ w (Fig. 2 ) and of µ s (Fig. 3) . In both cases we have set χ = 0.2 and ω 1 = 100 m. In Fig. 2 the strong field is linearly polarized, the dependence ofẆ 1 /Ẇ BH on µ w is a straight line and a difference of about 5 % is observed between the two extreme cases µ w = −1 (polarization perpendicular to that of the strong laser field) and µ w = +1 (polarization parallel to that of the strong laser field). In Fig. 3 the two different situations in which the high-energy photon is circularly polarized (continuous curve) and linearly polarized (dashed line) are plotted.
In Figs. 2 and 3 the value of χ is small. However, it is impossible to explain the features of these figures from our leading correction δẆ 1 in Eq. (13) and it is necessary to calculate the next-to-leading correction with respect to χ. As we pointed out above, the linear dependence ofẆ 1 on µ w in the semiclassical limit holds for any values of the parameter χ. The next-toleading correction proportional to µ w and calculated in the logarithmic approximation has the form
The value of the slope of the straight line in Fig. 2 agrees well with the prediction from the above equation. Moreover, the proportionality of δẆ ′ 1 to −µ w explains the symmetry of the continuous line (µ w = 0) and the asymmetry of the dashed line (µ w = +1) in Fig. 3 .
In order to give the impression of the size of the effect discussed above, we used the value of the intensity of the strong laser field I = 5 × 10 23 W/cm 2 , ω 1 in the laboratory frame ω 1,lab = 3.7 keV and the proton (Z = 1) Lorentz factor γ = 7000 (which corresponds to the proton energy available at the LHC). In this case we obtain χ = 0.2 and a suppression of about 10 % (note that the contribution of the constant terms to the quantity δẆ 1 in Eq. k 1 ) ) is the four-wavevector of the strong (weak) field and u = γ(1, v) is the relativistic four-velocity of the nucleus. Now, if w 0 is the waist size of the strong field, the laser photons propagate within a cone with an aperture ϑ of the order of w 0 /l R , with l R = ω 0 w 2 0 /2 being the laser's Rayleigh length. By indicating as χ ϑ the parameter χ for those photons propagating at an angle ϑ ≪ 1 with respect to the vector −v, we have χ ϑ ≈ χ(1 − ϑ 2 /4) at ϑ ≪ 1. In this sense, even if the strong field is focused up to one wavelength the induced correction is about 2.5 % and it is smaller than the predicted suppression induced by the strong laser field on the total rate. Finally, we point out that in the above example, many pairs are expected to be created by the strong laser field and the proton alone. However, the background generated by those pairs can be in principle determined experimentally by performing the experiment twice: the first time without and the second time with the high-energy photon beam. As a concluding remark, one has also to note that in view of an experimental realization of the discussed effect, a deeper analysis should be performed about other possible background processes (cascade pair production processes, for example) and also modifications of the pairs kinematics due to radiation back reaction. However, at the current stage these investigations are beyond the present paper.
IV. NEAR-THRESHOLD PHOTOPRODUCTION
In this Section we consider the interesting case 0 < 2m − ω 1 ≪ m, ξ ≫ 1 and ω 0 ≪ m (quasiclassical limit) and χ ≪ 1. This case has been already reported without technical details in [36] . The physical scenario here is very different from that considered above.
In fact, under the present conditions there is no Bethe-Heitler process without laser field and the pair creation occurs through tunneling. On the other hand, the pair production by combined laser and Coulomb fields is exponentially suppressed by a factor exp(− √ 3/χ) [35] . The present parameter regime is interesting as one can expect that the small energy gap between the photon energy ω 1 and the threshold 2m should essentially amplify the electron-positron rate as compared to the case of combined laser and Coulomb field. As we will see, this allows the possibility of observing tunneling pair creation at strong electric field amplitudes (in the laboratory frame) much smaller than E cr (see also [36] ).
Starting from the general expression in Eq. (3) of the photoproduction rate and expanding it with respect to the amplitude w of the weak field up to quadratic terms, we arrive aṫ
where a = 2m/ω 1 > 1 and Z 0 , f and g are given in Eq. (10) . The phase Φ is always positive and larger than 2aρ. At χ ≪ 1, the main contribution to the rateẆ in Eq. (16) 
Then, we take the integral first over Q and then over ρ by means of the saddle point method.
The saddle point in the integration over Q is Q 0 = √ Z 0 and that over ρ is ρ 0 = −i δ/f χ 2 with δ = a 2 − 1 ≪ 1. Finally, we divideẆ by the flux j = ω 1 m 2 w 2 /4πα ≈ m 3 w 2 /2πα and arrive at the cross section
which is valid if ζ = χ/δ 3/2 ≪ 1. Formally the last term in the pre-exponent is much smaller than the first one. However, if the strong laser field and the high-energy photon are linearly polarized in perpendicular directions, we have g = 0 and the non-zero contribution is given by the second term. As expected, in our case the suppression due to the exponential factor is much smaller than that in the case of combined laser and Coulomb field.
The above expression (18) is valid for any polarization of the incoming high-energy photon and of the strong laser field. In particular, if the strong laser field is circularly polarized, we obtain:
If µ s is not too small, i. e. if |µ s | ≫ ζ we have
It is of interest to show qualitatively how the exponential behaviour in Eqs. (19) and (20) arises. We consider the paradigmatic situation of an electron in the negative continuum that absorbs a photon with frequency ω 1 and then, due to a constant and uniform electric field E, it tunnels to the positive continuum. The width l of the barrier the electron has to tunnel is approximately given by eEl = 2m−ω 1 ≈ mδ ≪ m. Therefore, in the quasiclassical limit one obtains
which qualitatively reproduces the exponential dependence in Eqs. (19) and (20) .
In [36] we had shown the dependence of the production rate on the parameter ζ for two fixed mutual polarizations of the strong and the weak field (see Fig. 3 in [36] ). In Fig. 4 we plot here the ratio σ/σ 0 with σ 0 = α(Zα) 2 χ 2 /m 2 and σ given by Eq. (18) considering the most favorable case µ s = µ w = +1, the total cross section is σ = 0.5 µbarn.
Note that since ζ = 1.5, the analytical asymptotic in Eq. (20) slightly overestimates the cross section and the above value of σ has been obtained numerically starting directly from Eq. (17) . As a source of the X-ray photons we consider the table-top X-FEL proposed in [47] in which the electron beam is generated by a laser-plasma accelerator (8 × , we obtain about one pair every five hours. We note that in the case of combined Coulomb and laser field alone, the number of pairs obtained is completely negligible with the above physical parameters. Other numerical examples have been already presented in [36] showing the possibility of observing the discussed effect with presently available laser and accelerator technology.
In this paper we have calculated the total electron-positron pair production rate in the collision of a high-energy photon, a strong laser field and a relativistic nucleus. The strong laser field has been taken into account exactly in the calculations while the high-energy photon and the nuclear field only in the leading order. We have considered two situations.
In the first one the frequency of the high-energy photon in the rest frame of the nucleus is much larger than the electron mass. In this case we have found that the laser field may significantly suppress the cross section of the Bethe-Heitler process at soon available values of parameters. In the second case the frequency of the high-energy photon in the rest frame of the nucleus is close to and smaller than the pair production threshold. In this case pair production does not occur without the strong laser field. The effect of the laser field leads to a relatively large cross section of pair production also with proton beam parameters and laser technology already available. In both cases the mutual polarization of the strong laser field and of the high-energy photon is very important for the value of the electron-positron production rate. 
